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Abstract. We present the results connected with density points on the real line with
respect to sequences tending to zero. The first part deals with the family od sets
having the Baire property and convergence with respect to the o-ideal of the first
category sets. The second part is devoted to the family of Lebesgue measurable sets
and convergence with respect to the o-ideal of the Lebesgue null measure sets.
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1. Introduction

Through the paper we will use the standard notation: R will be the set of real
numbers, Q will be the set of rational numbers and N the set of positive integers.
By Ba and £ we will denote the family of Baire sets and Lebesgue measurable sets,
respectively. Moreover, Z will stand for the o-ideal of the first category sets in R
and L for the o-ideal of the Lebesgue null measure sets. By A(A) we shall denote
the Lebesgue measure of a measurable set A and by |I| the length of an interval I.
Furthermore, Tpq: will denote the natural topology on R and (s) — an unbounded and
non-decreasing sequence {sy, }nen of positive real numbers.

We shall say that a family F of subsets of R is invariant if for every P € F, x € R
and m € R\ {0} we get that P+ x € F and mP € F, where

P+z={a+x:ac P},
mP ={ma: a € P}.
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According to paper [11] we shall say that 0 is a density point of a set A € Ba with
respect to category if the sequence { f, }nen = {Xnan[—1,1)}nen converges with respect
to the o-ideal Z to the characteristic function x[_; 1j. It means that every subsequence
of the sequence {f,}nen contains a subsequence converging to the function X[=1,1]
everywhere except for a set of the first category. Basing on this concept we consider
more general approach.

For J = [a,b] we put

s(7) = 5(a+)
h(A, J)(@) = X 2 (a—s(ry)ni-1,11(T)-

1]

By J we shall denote a sequence of non-degenerate and closed intervals {.J,, }nen
tending to zero, that means

lim s(J,)=0 and li_>m |J.| = 0.

n—r oo

These conditions are equivalent to the following one:
diam{J, U {0}} — 0.

From now on, the family of all sequences of intervals tending to zero will be denoted
by . Moreover, we will identify sequences which differ a finite numbers of their terms.
To shorten notation, we will write J instead of {J, }nen-

We say that a sequence of intervals J = {[an,bn]}nen € S, is right-side (left-
side) tending to zero if there exists ng € N such that b, > 0 (a, < 0) for n > ng

and
min{0,a,} max{0,b,}

lim ————= =0 (hm _— 0).
n—00 by, n— 00 an
Sequence of intervals J € < is one-side tending to zero if it is right-side or
left-side tending to zero.

Definition 1.1. Let P be a proper o-ideal of subsets of R and J € . The point 0 is
a P(J)-density point of a set A C R if

h(A, Jo) (@) 5 xio1(@),

n— oo

it means

V{nk}keN 3 {nkm}meN 30 P Vzx ¢ e h(A, J”km)(x)mjox[_l’l] (CC),

where the symbol Py stands for a convergence with respect to o-ideal P.
n—oo

It is obvious that 0 is a P(J)-density point of a set A C R if and only if

Vi{neteen 3{nn, tmen  limsup ([_1,1] \ (A= s(Jn,, ) 2 |) €P.

m—00 |Jnkm
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We shall say that a point zo € R is a P(J)-density point of a set A C R if and
only if 0 is a P(J)-density point of the set A — xg.
For every set A C R let us denote

Pp(7y(A) ={r € R: 2 is a P(J)-density point of A}.

Now, let us consider invariant o-algebra S of subsets of R, P — a proper, invariant
o-ideal contained in S and J € . As the consequence of definition of a P(J)-density
point we get the following theorem.

Theorem 1.2. For every sets A, B € S we have:

1. Sp(0) =0, Pps)(R) =R;
2. ANBEP = bpy)(A) = Dpy)(B);
3. Opy (AN B) = Op(7)(A) N Dp o) (B).

If an operator ®p(z) satisfies an additional condition ®p(7)(A) \ A € P for any
A € S, then it is an almost lower density operator on (R,S,P). Whereas, if it fulfills
an additional condition ®p(7)(A) A A € P for any A € S, then it is a lower density
operator on (R, S, P).
Putting
Trg) ={A€S: AC Pp7)(A)},

by conditions 1 and 2 we get that Tp(7) is a topology if S coincides with the family
of all subsets of real line and P is any proper o-ideal. However, it does not have to be
topology. For example for S equals the family of Borel sets on the real line, P = {0}
and J = { [, +]}, ey We have that Tp() is not a topology (see [6]).

In our further considerations we will concentrate only on two o-algebras: Ba, £
and corresponding to them o-ideals: Z, L. It is worth noting that, although in both
cases the properties of the topologies generated by the respective density points are

similar, then methods of their proving in each case are different.

2. The case of family of sets having the Baire property

In this section we will focus on the o-ideal of the first category sets in R, so in
Definition 1.1 we will consider o-ideal Z instead of o-ideal P. In this way we will
obtain an Z(J)-density point. Taking the special sequence J = {[—+, +]}, _y, we

n’n

get that xg is an Z(J)-density point of a set A € Ba if and only if x is an Z-density
point of A (see [11]). Moreover, for (s) and J = {{— L 1 }} " the notion of an
ne

Z(J)-density point of a set A € Ba is equivalent to the notion of an (s)-Z-density
point of A (see [7]).

It should be emphasized that for an operator @77 the analogue of Lebesgue
Density Theorem holds:

Theorem 2.1 ([12]). For every sets A € Ba and J € S we have:

AA @I(j)(A) S/
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Proof. Let A € Ba, then there exist an open set G and a set P € Z such that
A =G A P. We will show that A\ &7.7)(A) € Z. Let us take a point € G. Then
there exists a number ng € N such that x4+ J,, C G for n > ng, hence J, C G —z. So
we have
2 2
(A= (@ +s(Ja)) D m((G\P)—(%LS(Jn))) =

= (@ 1)~ s\ (P~ (4 (7))

En
:

> %((Jn —s(J )\ (P = (z +s(Jn)))) = [-1,1] \ ﬁ(p — (@ + ()
If P €7 then W(P —(z+ S(Jn))) € Z. Hence for z € G we obtain that

WA =, Ja)(@) = x1(@),
so that A\ &7(7)(4) C A\G e L.
To finish the proof we must show that @7(7)(A)\ A € Z. Observe that 7(7)(A) C

Pz (A)\A C R\ Pz (R\A)) N (R\A) = (R\ A)\ P7(7)(R\ A) € T.

2.1. An Z(J)-density topology and its properties

By Theorem 1.2 and Theorem 2.1 we have that operator 77y is a lower density
operator on (R, Ba,Z). It is well known that for any measurable space (X,S,P),
where S is a g-algebra of subsets of X and P C § is a proper o-ideal, if an operator
¢ : S — S is a lower density operator on (X,S,P) and a pair (S,P) has the hull
property, then the family T ={A € S: A C ¢(A)} is a topology (see [9]), so we have

Theorem 2.2 ([12]). The family
7—1(7) = {A c€Ba:AC ¢I(j)(A)}

is a topology on R, which will be called Z(J)-density topology. Moreover, Tnat & Tz(7)-

Since for any J € S, an operator @z(7) is a lower density operator, so by Theorem
25.3 in [9] we obtain immediately the following theorem.

Theorem 2.3. Let J € S.

(i) (R, Tz(z)) is a Baire space;
(ii) (R, Tz(z)) is neither a first countable, nor a second countable, nor a separable,
nor a Lindeldf space;
(i) A €T if and only if A is a closed and discrete set with respect to a topology T ;
(iv) a set A C R is compact with respect to a topology Tz if and only if A is finite.
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(v) T is equal to the family of all meager sets with respect to a topology Tr(gy;
(vi) A € Ba if and only if A is a union of two sets - one of them is open with respect
to a topology Tz(g7) and a second one is closed with respect to a topology Tz(r);
(vit) Ba coincides with the family of all Borel sets (Baire sets) with respect to a topol-

09y Tz(7)-
Moreover, we have that
Theorem 2.4 ([13]). Let J € 3. Then [a,b) € Tz(g) ((a,b] € Tz(zy) for a < b if and
only if the sequence J is right-side (left-side) tending to zero.
This theorem yields to the following

Theorem 2.5. If the sequence J € S is right-side (left-side) tending to zero, then
(R, Tz(s)) is not connected.

From Definition 1.1 we have the following property.

Property 2.6 ([12]). Let J € S, then 0 is an I(J)-density point of the set

Ap ={0}u | int(J),

n>k

for every k € N. Moreover, Ay, € Tz(7)-

The next theorem shows that we have obtained an essential extension of Z-density
points.

Theorem 2.7 ([12]). For every sequence J € < there exists a sequence K = {Kp, }nen
of intervals tending to zero such that

Trn\Tzae) 70 A Tz \ Tza) # 0.

Proposition 2.8 ([12]). Let J = {Jy}nen and K = {K,, }nen be sequences tending
to zero. If for every n € N there exists k(n) € N such that J,, = Ky,) then Tz C
Tz(7)-

The succeeding theorems gives us an examples of situation when the topologies
generated by sequences of intervals are identical.

Theorem 2.9 ([12]). Let J € S and | € N. If we divide every interval J,, on equal |
intervals and order them in a sequence KC, then Tz(7) = Tz(k)-

Theorem 2.10 ([12]). Let J = {Jn}nen and K = {K, }nen be sequences of intervals

tending to zero. If

. AMJn A Ky)
1 _— =
o AMJn N Ky) 0,

then ITI(J) = 'TI(;C).
The following theorems show some properties of the family of Z(J) type topologies.
Theorem 2.11 ([12]). Let Ty = {V\P:V € Toau NP €Z}. Then
() Tz =T

VASN
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Theorem 2.12 ([12]). Let T* be the topology generated by U ;¢ Tz(s)- Then

T =28  and U Trny # T

JEe

Theorem 2.13 ([12]). For any sequence J € S, the space (R, Tz(z)) is Hausdorff
but not reqular.

2.2. Z(J)-approximately continuous functions

The class of approximately continuous function was defined by Denjoy in [3].
The category analogue of approximate continuity was presented by Poreda, Wagner-
Bojakowska and Wilczynski in [11].

A function f: R — R is Z(J)-approximately continuous, if it is continuous
with respect to the Z(J)-density topology on the domain and the natural topology
on the range.

Theorem 2.14 ([13]). Let J be a sequence of intervals tending to zero. Then every
Z(J)-approzimately continuous function is of the first Baire class.

In the proof of the last theorem of this subsection, the following easy fact is needed.

Conclusion 2.15 ([13]). If a sequence J € S is not one-side tending to zero, then
for any nonempty set U € Tz(gzy, 6 > 0 and x € &7\ (U) we have that

Un(z,z+06)#0 and Un(x—0d,z)#0.

Theorem 2.16 ([13]). Let J € S. Every Z(J)-approxzimately continuous function is
Darboux function if and only if the sequence J is not one-side tending to zero.

Proof. Necessity. Let the sequence J € <& is right-side tending to zero and define

function
flx)=x—k for x € [k, k+ 1).

This is an Z(J)-approximately continuous function but it is not a Darboux function.
If the sequence J € S is left-side tending to zero, then we consider function

glx)=x—k for x € (k,k +1].

Sufficiency. Let the sequence J € & be not one-side tending to zero and f be an
Z(J)-approximately continuous function. Fix an « € R and for each n € N define the
set

1 1
By Z(J)-approximate continuity of the function f there exists a set U, € Tz(7) such

that f(Up) C V,, and = € Uy, is an Z(J )-density point of the set U,,. Conclusion 2.15
implies that for any n € N there exist
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1 1
y}LEUnﬂ<x——,x) and yﬁeUnﬂ<x,x+—).
n n

Hence we obtain two sequences {y}l}n en and {yz}n N such that

yb — x and ¢} — =z

n—00 n—00

and . L . )
Jim f(y,) = lim f(y).

Obviously, by Theorem 2.14 we have that f is of the first Baire class. Thus, by Young’s
criterion (Theorem 1.1 in [1]), we conclude that function f is Darboux function. O

3. The case of the family of Lebesgue measurable sets

The notion of a density point connected with the Lebesgue measure was introduced
at the beginning of 20th century. We say that z¢ € R is a density point of a Lebesgue
measurable set A if

A —
h—0+ 2h
Moreover, we have that the condition (1) can be replaced with the following one:

MAN[zo — L,20 + 1))
2

n

lim
n— o0

-1 2)

This observation led to the generalization of a density point introduced in 2004 by
M. Filipczak and J. Hejduk ([5]). They considered in (2) a sequence (s) instead of the
sequence {n},ecn. Thus we say that xg € R is an (s)-density point of a set A € L if

)\(Aﬂ [x() — SL,QJQ + Si])
o U 3)

Sn

lim
n—o0

Moreover we have that the condition (2) is equivalent the condition (3) iff
lim inf %2~ > 0 (see [5]).

n—oo Sn+l

One can ask what will happen if we replace the sequence {[xo— SL, o+ SL]}%N by
a sequence J + zg, where J € &7 In this case we also obtain a new kind of a density
poin — a J-density point. This notion was introduced in 2013 by R. Wiertelak.

Definition 3.1. Let A € L, J € . We shall say that the point 0 is a J-density
point of a set A if

=1 (4)

Note that in the general case of a P(J)-density point we consider a special se-
quence of characteristic functions converges to x|_; 1) with respect to o-ideal P (see
Definition 1.1). It is worth adding that in the case of a J-density point we can also
consider such sequence. More specifically, an equivalent formulation of (4) is:
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A
X2 (A—s(Jn))N[—1,1] () —= X1, (®),

Jnl n—oo

where the symbol 2, denotes a convergence with respect to the Lebesgue measure.
n—oo

Indeed, the following equivalences are obvious.

fm MANTD e MAZsU) N Un = s(n)) _
. 2
Jim A4 = () 0 (= s(Tn))) =2 &
lim A (A — () A o (S — 5(Ja)) = 2
m T — SJn = (Jn — S(Jn =
. 2 \
nli)néo )\(m(A — S(Jn)) N [_17 1]) =2 Xﬁ(A*S(Jn))ﬁ[fl,l] (x)njgox[_Ll] (IE)

In addition, it is worth noting that the last condition saved in the last line above is
equivalent to the following

Vi{nktken 3{nx,}jen Xunij‘(A—s(Jnkj))ﬁ[—l,l] (x) 52 X (z) L ae.

where L a.e. means that in this case we consider L-almost everywhere convergence.

Thus in the case of the Lebesgue measure we can check whether a point 0 is a J-
density point of a set A € L, as in the case of Z(J)-density point. However, it appears
that in the case of the Lebesgue measure the condition (4) is easier to check and it is
more often applied.

Obviously, a point zp € R is a J-density point of a set A € L if 0 is a J-density
point of a set A — x( or equivalently if

. MAN @0+ 1))

n— 00 |Jn|

=1.

If for any A € £ and J € & we put
P 7(A) ={z € R:zis a J-density point of the set A},

then we obtain that @ 7(A) € L for any A € L (see [10]) and operator @7 : L — L
has properties presented in Theorem 1.2 for P = L. It is also worth noting that
theorem analogous to Theorem 2.1 is not true for every sequence J € . In [2] there
is a construction of a set A € £ and a sequence J € < such that ¢7(A) A A ¢ L.
However, if we consider a subfamily <, C S such that for any sequence J € &, we

have diam(J
() = lim sup T UL0H)

n— 00 |Jn|

then the analogue of Lebesgue Density Theorem holds.
Theorem 3.2 ([10]). If J € So and A € L then $57(A) A A€ L.
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Proof. We only need to show that A\ &7(A) € L for any bounded set A. Moreover,
there is no loss of generality in assuming that the sequence {|J,|}nen is decreasing
and

diam{{0} U J,,} < 2a(J)|Jn]. (5)

First, we will prove that for any 0 < e < 1

E. = {x € A: lirninfM

1— L.
mi 7] < 8} € (©)

Suppose, contrary to our claim, that the outer Lebesgue measure of E, denoted by
A*(FE), is greater than 0. Thus one can find a set G € Tpq: such that E. C G and
(1 -2)AG) < X*(E:).

Let € be the family of all closed intervals I C G such that A(ANIT) < (1 —¢)|I]
and I = J, + « for some = € E. and n € N. Observe that

(i) every neighbourhood of each x € E. contains an interval I € &;
(ii) for any sequence {I,,} of disjoint intervals from & the inequality \* (E. \ | I,) >0
holds.

The property (7) is obvious. The property (ii) results from the following fact

A*(Em UIn) <SS NANL)<(1-0) Y L =

neN neN neN

—(1- s)/\( U In) <1 —MG) < (1— )X (E).

neN

Now, we will construct inductively a sequence {I,, } nen of disjoint intervals from £.
We start by putting

kozmin{z’EN: 3 Ji+xe<€’}

zek,
and choosing interval I; from & such that |I1| = |Jk,|. Assume that intervals I; for
i € {1,2,...,n} have been chosen. Let &, be the subset of & which consists of all
intervals that are disjoint from Iy, ..., I,. Properties (i) and (¢) imply that &, # 0.
Define

kn:min{iEN: | Ji—i-xegn}.
reFE.

and choose an interval I,, 11 from &, with length |Jg, |.

Putting B = E.\ |J I, we obtain, by (ii), that A*(B) > 0. Hence there is N € N
neN
such that

- X (B)
2w @

For each n > N let K, be the interval concentric with I,, such that | K, | = (4a(J) +

1)|1,]- The inequality (7) implies that |J K, does not cover the set B, so there exists
neN
a point
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xEB\UKn. (8)

n>N

N
Therefore € E. \ |J I,. From (i) and (¢) it follows that there exists an interval
n=1

I, € En such that I, = J,, +x for some n, € N. It is clear that I, N I,, # () for some
n > N. Putting ng = min{n € N: I,, N I, # 0} we obtain that |J,,| = |I;| < |1,
The condition (5) implies

ol

dist(z, Ip,,) < diam{z U I, } = diam{{0} U J,,, } < 20(T)|JIn, | < 20(T)|Ins |,

where dist(z, I,,,) denotes the distance between the point « and the interval I,,,. Thus
x € Kp,, contrary to (8).
From (6) and the inclusion

A\P7(A) C E.
€€(0,1)NQ

we get immediately that A A ¢ 7(A) € L. O

Therefore for any J € S, an operator @7 is a lower density operator on (R, £,LL).
In addition, it is worth noting that when we compare the above proof with proof of
Theorem 2.1, it is easy to observe differences in the methods that are used in them.
We see at once that in the case of J-density points we need to take other action than
in the case of Z(J)-density points.

Obviously, one can ask what will happen if we consider any J € 3. In this case we
can prove the following fact.

Theorem 3.3 ([10]). If 7 € S and A € L then P57(A)\ A€ L.

Therefore for any J € $ an operator @7 is an almost lower density operator on
(R, L,L).

3.1. A J-density topology and its property

In this section we will focus our attention on topology generated by J-density
points. As in the case of Z(J)-density topology (see Section 2.1) we have that family
Tr={AeL:ACPs(A)} is a topology for any J € .

What is more, in [9] one can find the property that for any measurable space
(X,S8,P), where S is a g-algebra of subsets of X and P C S is a proper o-ideal, if
an operator ¢ : S — S is an almost lower density operator on (X,S,P) and a pair
(S, P) has the hull property, then the family 7T ={A € S: A C ¢(A)} is a topology,
so we immediately obtain
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Theorem 3.4 ([10]). Let J € . The family
Tr={AeL:ACPs(A)}

is a topology called a J-density topology.

Moreover, as in the case of Z(J)-density topology, it is easy to see that Tpet & 77.
Furthermore, since for any J € &, an operator @ 7 is an almost lower density operator,
so by Theorem 25.27 in [9] we obtain immediately the following claim

Theorem 3.5. Let J € .

(i) (R, T7) is neither a first countable, nor a second countable, nor a separable, nor
a Lindelof space;

i) A e L if and only if A is a closed and discrete set with respect to a topology Tr;

i) A €L if and only if A i losed and discrete set with t to a topology Ty

iii) a set A C R is compact with respect to a topology if and only if A is finite.

tACR t with ti topol Tr i d only if A 1 2

If J € S, then an operator @7 is a lower density operator, so in this case to the
properties presented in Theorem 3.5 we can add another (cf. Theorem 25.3 in [9])

Theorem 3.6. Let J € S,

(a) (R,T7) is a Baire space;

(b) L is equal to the family of all meager sets with respect to a topology T7;

(c) A € L if and only if A is a union of two sets - one of them is open with respect
to a topology T7 and a second one is closed with respect to a topology T7;

(d) L coincides with the family of all Borel sets (Baire sets) with respect to a topology
Ts.

One can ask about the connection between the density topology 74 and a J-
density topology. If we consider an unbounded and nondecreasing sequence {s; }nen
of positive numbers and a sequence J = {J,,}nen, where J,, = [--, L] for n € N,

then we have that Tq C T (see [4]). In general, such a relationship does not have to
take place. Indeed, we have

Theorem 3.7 ([10]). If J € S\ Sa, then there exists an open set A such that
0€Py(A) and 0 € P7(A).

From the above theorem we can deduce at once
Theorem 3.8. If J € S\ Sy, then Tg\ Ty # 0.

Moreover, we can show that there exists a sequence J € S\, such that 77\ Tq # 0
and T3\ T7 # 0. However, if we consider any sequence J € S, then T3\ 77 = (). We
can describe the relationship between the density topology and 77 in the following
way.

Theorem 3.9 ([10]). Let J € . The following conditions are equivalent:

(a) a(J) < 4o0;
(b) Ta C T7.
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It should be added that there are sequences J,K € S, such that Ty # T7 and
Ta =Tk

Interesting is also the question about the relationship between the [J-density
topologies for different sequences J € . The question whether the claim analogous
to Theorem 2.7 is true in the case of the J- density topology is still open. However,
we have

Theorem 3.10. There exist sequences K, J € S such that Ty \Tx # 0, T \T7 # 0,
T7 # Ta and T # Ta.
1

To prove this it suffices to consider sequences J = {[—m, m]}nel\; and

K = {[- gy oy e (see [4).
The next theorem shows some connection between [J-density topology and (s)-
density topology associated with (s)-density points.

Theorem 3.11 ([10]). If J € S, then there exists a sequence K € I of symmetrical
intervals such that T C T7.

Moreover, from Theorem 3.8 and 3.9 it may be concluded
Theorem 3.12. If J € Sy, and K € §\ S, then T7 \ T # 0.
Furthermore, Theorem 8 in [5] gives
Theorem 3.13. Let T* be the topology generated by |J Tz. Then
JES
T* =28  and U T £TT
JES

We end this section with two properties connected with separation axioms for J-
density topology. The second one will show the differences between the J-density
topology and Z(J)-density topology for J € .

Since for any J € S, we have that T C T, so

Property 3.14 ([8]). For any J € & a space (R, T7) is a Hausdorff space.
Moreover, we have
Property 3.15 ([8]). For any J € Sy a space (R, T7) is regular and it is not normal.

The question whether for any sequence J € S, a space (R,77) is completely
regular is still open. Just like the question whether for any J € &\ 8, a space
(R, 77) is regular, completely regular or normal.

3.2. J-approximately continuous functions

It was mentioned in Section 2.2 that the notion of approximately continuous func-
tions was introduced by Denjoy. He considered this class of functions in conjunction
with the density points. Now, we will concentrate on the analogue concept in connec-
tion with J-density points.
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Let f: R - R and J € . We say that f is J-approximately continuous
at a point zyp € R if there exists a set A,, € £ such that z9 € @5(A4,,) and

fxo) = lim f(z).
TE€EAL

Obviously, we say that f : R — R is a J-approximately continuous function
if it is J-approximately continuous at each point x € R. It is easy to see that, if
f : R — R is a continuous function, then it is J-approximately continuous for any
sequence J € §. If f : R — R is an approximately continuous function, then it is
J-approximately continuous for any sequence J € S,. For any J € &\ &, there
exists an approximately continuous function f : R — R which is not J-approximately

continuous (see [8]).

Theorem 3.16 ([8]). Let J € . The family of all J-approzimately continuous
functions f : R — R is closed under addition and multiplication. Moreover, if g : R —
R is J-approzimately continuous, then the function % is J -approximately continuous,
whenever g(x) £ 0 for any x € R.

Now, we will focus our attention on sequences J belonging to &,. The question
whether the following statements are true also for sequences J € &'\ S, is still open.

Theorem 3.17 ([8]). Let J € Sqo- If f : R = R is a J-approzimately continuous
function, then f is of the first Baire class.

The relationship between the J-approximately continuous functions and J-density
topology for J € G, can be explained in the following theorem.

Theorem 3.18 ([8]). Let f : R = R and J € S,. The function f is J-approximately
continuous if and only if for any 5 € R the sets {x e R: f(z) < B} and {x € R :
f(x) > B} belong to the topology Ts.

In addition, there is a relationship between these functions and Lebesgue measur-
able functions analogous to the case of approximately continuous functions.

Theorem 3.19 ([8]). Let f: R — R. The following conditions are equivalent:

(i) [ is a Lebesgue measurable function,
(i) there exists B € L such that for any sequence J € S and any x € R\ B the
function f is J-approzimately continuous at a point x,
(iii) there exists a sequence J € 3o and there exists By € L such that the function
[ is J-approzimately continuous at each point x € R\ By.

Bibliography

1. Bruckner A.M.: Differentiation of Real Functions. Lecture Notes in Math. 659, Springer Verlag,
Berlin 1978.

2. Csornyei M.: Density theorems revisited. Acta Sci. Math. 64 (1998), 59-65.

3. Denjoy A.: Mémoires sur les dérivés des fonctions continues. Journ. Math. Pure et Appl. 1
(1915), 105-240.

4. Filipczak M., Filipczak T., Hejduk J.: On the comparison of the density type topologies. Atti
Sem. Mat. Fis. Univ. Modena LII (2004), 1-11.



154 J. Hejduk, A. Loranty and R. Wiertelak

5. Filipczak M., Hejduk J.: On topologies associated with the Lebesque measure. Tatra Mt. Math.
Publ. 28 (2004), 187-197.

6. Hejduk J.: Density Topologies with Respect to Invariant o-Ideal. L6dZ Univ. Press, L6dz 1997.

7. Hejduk J., Horbaczewska G.: On Z-density topologies with respect to a fized sequence. Reports
on Real Analysis, Conference at Rowy (2003), 78-85.

8. Hejduk J., Loranty A., Wiertelak R.: J-approzimately continuous functions (to appear).

9. Hejduk J., Wiertelak R.: On the abstract density topologies generated by lower and almost
lower density operators. In: Traditional and Present-day Topics in Real Analysis (dedicated
to Professor Jan Stanistaw Lipinski), M. Filipczak, E. Wagner-Bojakowska (eds.), L6dz Univ.
Press, Lédz 2013, 431-447.

10. Hejduk J., Wiertelak R.: On the generalization of density topologies on the real line (to appear
in Math. Slovaca at 2014).

11. Poreda W., Wagner-Bojakowska E., Wilczyriski W.: A category analogue of the density topology.
Fund. Math. 125 (1985), 167-173.

12. Wiertelak R.: A generalization of density topology with respect to category. Real Anal. Exchange
32, no. 1 (2006,/2007), 273-286.

13. Wiertelak R.: About Z(J)—-approximately continuous functions. Period. Math. Hungar. 63, no. 1
(2011), 71-79.



